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SYMMETRIC DESIGNS WITH BRUCK SUBDESIGNS 
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If P is a finite projective plane of order n with a proper subplane Q of order rn which is 
not a Baer subplane, then a theorem of Bruck [Trans. AMS 78(1955), 464--481] asserts that 
n_~m z + m. If the equality n = m"- + nz were to occur then P would be of composite order and Q 
should be called a Bruck subplane. It can be shown that if a projective plane P contains a Bruck 
subplane Q, then in fact P contains a design Q' which has the parameters of the lines in a three 
dimensional projective geometry of order m. A well known scheme of Bruck suggests using such 
a Q' to construct P. Bruck's theorem readily extends to symmetric designs [Kantor, Trans. AMS 
146 (1969), 1--28], hence the concept of a Bruck subdesign. This paper develops the analoque 
of Q' and shows (by example) that the analogous construction scheme can be used to find sym- 
metric designs. 

1. Introduction and Summary 

I f  P is a finite projective plane of order n with a proper subplane Q of order 
m, then a theorem of Bruck [3] states that either n = m  2 or n > = m a + n z .  The equa- 
lity n = m  ~ occurs if and only if every point of  P is on a line of  Q (and dually), and 
in this case Q is called a Baer subplane of  P. The equality n = m 2 + m  would mean 
that the order of  P is not a prime power, and naturally Q ought to be called a Bruck 
subplane of P. Bruck's theorem is easily extended to symmetric designs (see Kantor  
[6]). Bruck [4] outlines a construction scheme for a projective plane P of order 
n = m~+ m based on extending the design given by the points and lines of  a projective 
3-space of order m. I f  such a plane P were constructed, then each subplane Q of  the 
3-space would be a Bruck subplane of P. After presenting some basic notation and 
terminology in the second section, this paper investigates the general structure of  a 
symmetric design which contains a Bruck subdesign. It  is shown that there must 
exist a design analogous to the projective 3-space in Bruck's construction scheme. 
Some other substructures are also listed, then in the following section two construc- 
tion schemes based on this information are given. The last section gives some exa- 
ples to illustrate how these schemes can be applied. 

AMS (1980) subject classification: 05 B 30, 05 B 25; 50 D 35, 62 K 10. 
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2. 13zsic Nata{ion and Terminology 

AI~_ incidc::ce s t rvcture  S is a pair  o f  {finite) sets X and :g and an incidence 
relation between them. Elcmcnts of  A' are called points and elements of  J) are called 
blocks. S is re~utar with replication number  t" if each point  is incident with exactly 
r blocks. S is u~aiI'orm with block size k il each block is incident with exactly k points. 
A block will be identified v. ith its subset o f  incident points  exen though two distinct 
bl-~cks may thus b.e tile same subset of  X, and incidence is then set theoretic inclusion. 
-lhe cardina!ity of  X is denoted bv ~, and the cardinali ty of  :g' by b. For  a regular, 
unif,.,rm incidence structure bk=cr. A substructure So o!" S is a pair  (X0, ~0) o f  
subsets of  A" and J3. respectively, with incidence the restriction of  incidence in S. 
A tactical decomposi t ion of  S is a parti t ion of  X into disjoint classes Xx, X2 . . . . .  Xa 
and a parti t ion o t '~ '  into disjoip.t classes ~ t ,  ~._, . . . . .  :~2. such that  every pair  (X), 2,3fl 
is a regular° uniform st:bstrt,cture, with i, points,  m a blocks,  block size /3~ a, and 
replication ntmlber ,'ei. A regLilar t'..17iform incidence structure S is symmetr ic  if 
b - c .  or equivalently k=r.  

A design D is a uniform incidence structure with block size k such that  each 
p~tir e f  distinct points are simultaneot,.sly incident with exactly ). blocks. I t  follm~s 
that  D is regular with replication number  r and r ( k - 1 ) - - ) . ( y - 1 ) .  D is also called 
a (~'. k, ).)-design, is denoted by B),[k, el, and is said to have parameters  (v, k, 2). 
A symmetr ic  design is a design whose incidence structure is symmetric ,  and is denoted 
by SB;.[k, ~,]. When ,:_=1 it is suppressed f rom either o f  the notat ions Bx[k, ~.,] 
or SB).[k, ~:}. A SB[k, v] is a projective plane, n = k -  1 is its order  and v = n : ' + n - t -  i. 
A subdesign of  a design is a substructure of  the io_cidence structure which is also a 
design. A proper  subdesign D~ with parameters  (%, k0, )-) o f  a SB).[k, v] is called a 
Baer subdesign if k - ) . = ( k 0 -  1) ~ and is called a Bruck subdesign if k - ) . = k o ( k o -  1). 

For  the rcmainder  of  this paper  all incidence structures are assumed to be 
regular and unil\~rm unless otherwise stated. 

3. Structure Theory 

An ane, lysis e f  the structure of  a symmetr ic  design which contains a Bruck 
subdesign must begin with the theorem which inspired the name.  

Theorem 1. I/" D is a SB).[k, v] which contains Do, a SBa[ko, co], then k = 2 r  o - k o +  1 
o1" k ~ 2c o. 

Proof.  See K a n t o r  [6] for the theorem as stated or Bruck [3] for the special case 
2 = 1, the proofs  being essentially the same. An al ternate form for the conclusion is 
k - ) . = ( k 0 - 1 )  2 or k-2>=ko(ko -1 ) .  

Corollary 2. I f  D O is a SBz[ko,vo] contained in D a SBz[k, v], then each block of  D 
not in Do contains at most one point of  Do and dual(F each point o l D  not in Do is 
hz.cident with at most one block on Do. Moreover in each case the 'at most' may be 
changed to "exactly" i f  and only i f  Do is a Baer subdes~n. 

Proof.  The  'a t  mos t '  par t  of  the a rgument  lbllows directly from the definition of  a 
subdesign, and the exactly arises in the p r o o f  of  Theorem 1. | 
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Theorem 3. I f  D is a SBx[k, ~,] which contains a Bruck subdesig~ Do=(X~, ~o), 
then D admits a tactical decomposition with point classes Xo, X~, 3~ and block 
classes 20, ~1, ,~2, and having parameters as follows: 

(l) (I0, l~, 1~) = 0"0, m~, ,,n.,) = (v0, vo(l<o-2)+I, ~,o (1<- I<0)), 

[h'c, 0 k-ko I 
0 k 

(2) ([3~j)' = (,~_~) = [ O ko-- t l¢-~J 
where ([3ii) ~ denotes the transpose o f  (fiij). 

Proof. Do is (Xo, ~)o). X~ is the set of points not incident with any block of Do and 
~x is the set of blocks not incident with any point of Do. );~ and/J~2 a r e  the remaining 
points and blocks, which are nonempty by Corollary 2. Counting and the equation 
k=2.c 0 produce the expressions for the cardinalities of the point and block classes. 
To show (2) it suffices to consider either the block sizes or the replication numbers 
of the substructures by du:dity, and hence only block sizes are determined. Corollary 
2 and the definitions of  the parts show that the first row and the first column are 
correct. Also the entries in each row must sum to k, thus only tv,.o more numbers 
need to be computed. For [I.~,,_ one notes that for a fixed block of 3Jo the intersections 
with the blocks of No partition its points in Ae into k,, sets of size (2 1) (from the 
blocks on the unique point of X0 in the fixed block) and vo-k~ sets of size 5.. Hence 
f i 2 , ~ - ( 2  - l) l .%+2(vo-l%)=lc-ko.  Similarly fie~ is 2ro=k. From a result for tactical 
decompositions on the matrix product (),;;)(fie j)' (see Dembowski [5]) it follows that 

" l., . !1 
(/~sj)-= @ -  2)1+ 21112 Ill l 

Corollary 4. I f  D is a SBa[k, r] wkich contains a Bruck subdesign Do, then D con- 
tains a sub&sign D~ which in. turn contains Do, where D, is a B~.[k~, v~] with 
v~=vo(k0-1 )+ l  and /,'l=k,. 

ProoL The points of D, are XoLJX~ and the blocks are -5~0U.~2. 37he parameters 
are computed from q-heorem 3, with the design property for pairs of points inherited 
from D since blocks of ~Ya are disjoint from the set of points in D~. 

One easily computes that for D, in Corollary 4 there are bx=, 'o (k -ko+ 1) 
blocks and each point is in q = k  blocks. It is an open problem whether there exists 
a projective plane P of order n which contains a Bruck subplane Q or order m. I f  
there exists such a plane P, then P contains Dx which is a B[m+ 1, ma +m2 +n l +  1]. 
Thus D1 would have the same parameters as a design whose points and blocks are 
the points and lines of a projective 3-space of order m. It is an open problem whether 
D~ would have to be such a 3-space. However, if it were then Q would be a Desar- 
guesian plane and, in fact, P would contain many Bruck subplanes. | 

Corollary 5. I f  D is" a SBx[k, v] which contains a Bruck subdesign Do, then D con- 
tains a symmetric incMence substructure C which has vo(k-k0) points and blocks 
o f  size k - k o .  Moreover C admits a tactical decomposition which has Vo point 
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classes each o f  size k -  ko, vo block classes each o f  size k - k o ,  and the fl¢j and 7,~ 
equal to either )~ or 2 - 1 .  

Proof. C is the pair (At.,, ~ )  in the notation of  Theorem 3. The point classes of the 
tactical decomposition are the blocks of ~0 and the block classes are the points of  Xo 
considered as sets of blocks. | 

4. Construction S c h e m e s  

Common methods for constructing designs include direct constructions which 
usually employ some automorphisms of the design to reduce computations (dif- 
ferences methods), composition methods which amalgamate many 'small' designs 
and/or incidence structures to obtain a design on a 'large' number of  points, and 
extension of a design or incidence structure to obtain a design with the desired para- 
meters. The two schemes given below are for extension of  the design D1 of  Corollary 
4 and for extension of the incidence structure C of Corollary 5. As in all extension 
schemes some concept is needed to 'find' the missing points and blocks, and their 
incidences. 

A spread of  a design or incidence structure is a collection of blocks such that 
each point is in exactly 2 blocks of the spread. In other words a spread is a collection 
of blocks such that tile substructure given by all points and these blocks is regular. 
A packing is a collection of spreads such that each block is in exactly 2 spreads of  
the packing. A spread is incident with each block it contains and with each packing 
which contains it. A packing is incident with each spread it contains. Spreads are to 
be some of the missing points of the desired symmetric design, and hence will be 
refered to as 'new points'. Likewise packing will be refered to as 'new blocks'. The 
first construction is the generalization of Bruck's construction, and only requires 
finding suitable collections of spreads and packings. 

Construction D, Given a B~[/q; vl]D1 which contains a SB~[ko,vo]Do such that 
rl=2v0 and k l=ko,  D1 can be extended to a SB~[k, v]D with k=2v0 i f  and only i f  
there exists a collection Y of  vo(k-ko)  spreads and a collection d of  v0(k0-2)+  1 
packings which satisfy: 
(1) Each block is in k - k o  spreads and 
(2) the n.umber o f  blocks phts the number of  packings two spreads have in com- 
mon is 2. 

Verification. Adjoining the spreads as new points and the packings as new blocks 
with incidence as described above gives the design, Since two of the original points 
are in exactly 2 blocks (which are in D~), an old and a new point (spread) are in exactly 
2 blocks by the definition of  a spread, and condition (2) gives the same property for 
two new points, the new structure is a design if all blocks have size k. Each old block 
has size k by condition (1), namely k0 old and k - k o  new points, and the definition of 
a packing implies that each new block will contain 2v0=k new points. The reverse 
implication follows from Corollary 4 with Y=X2 and ~ ' = ~ .  | 

In the next construction the point and block classes of a tactical decomposi- 
tion will be used as new blocks and points respectively. Some new blocks need to be 
found as subsets of points, and spreads will be used as new points. The new blocks 
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are to be dual-spreads, i.e. each block must contain exactly 2 points of  such a new 
block. The equations which must be satisfied by the parameters of  a symmetric inci- 
dence structure such as given in Corollary 5 are nontrivial, hence a definition precedes 
the statement of  Construction C. 

Definition. A symmetric incidence structure C=(X2,  ~2) with hm points and blocks 
of  size m is called admissible for extension to a symmetric design with a Bruck sub- 
design if 

t /4h(h-  1)(m+ 1)+ 1 + ( 2 h -  1) 
(1) ko = 2h is a positive integer, 

(2) any two distinct points are contained in at most 2 = m - ( k o - 1 ) 2 +  1 blocks, and 
(3) m<=hZ-h. 
The Bruck subdesign would be a 5'Ba[ko, %] where vo=h and k = m + k 0  would be 
the block size of the symmetric design. 

The above definition is formulated by equating m to k - k o  and hm to vo(k-ko)  
to match Corollary 5. It may be verified that the resulting parameters satisfy the rela- 
tions for a symmetric design and ).h=k. The inequality (3) is equivalent to ko<=Vo . 

Construction C. An admissible symmetrice incidence structure C=(X2,  ~ )  on hm 
points with blocks of  size m can be extemted to a SBa[k, v] with a Bruck subdesign 
i f  C admits a tactical decomposition into h point and h block classes each o f  size in, 
there exists a collection Y o f  h ( ko -  2) + 1 spreads, and a collection d of  h (ko - 2) + 1 
dual-spreads which satisfy: 
(1) Each block is in k o - 1  spreads, 
(2) each spread contains exactly 2 blocks from each block class, 
(3) any two spreads have exactly 2 blocks in common, 
(4) two points from the same point class are contained in 2 -  1 blocks o f  ~¢U~2, 
(5) two points fi'om different point classes are contained in )o blocks of  ,~U~2 ,  
(6) the values o f  the Yo are )o or 2 - 1 ,  
(7) two distinct block classes have exactly 2 point classes which .¢imultaneously 

yieM y~ = 2 - 1 .  

Verification. First the incidence structure for the design is defined. Second the block 
sizes are computed. Finally the design property for pairs of points is checked. 

The points of the design are X2, Y, and the block classes of the tactical decom- 
position. The blocks are .~2, d ,  and the point classes of the tactical decomposition. 
Both the blocks of d and the spreads of  Y are only incident with the elements of  C 
which they contain. The point classes and the block classes are incident with the 
points and blocks they contain. Also the i-th point class and the j- th block class are 
incident if Yij=)~--l. 

Each block of ~2 contains m = k - k o  points of X2, is in k o - 1  spreads of  Y 
by (1), and is in a unique block class to net a total of k points. Since each block of 
is a dual-spread it contains 2hm/m=2h points, and 2 h =k  by the definition ofadmis- 
sine. From condition (6) together with the fact that 7 u + y ~ + . . . + y , , = k - k o  
it follows that a point class is incident with exactly ko block classes in addition to 
its k - k o  points. Hence all blocks will have size k. 
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For two points of X2 conditions (4) and (5) show that they are contained in 
exactly 2 blocks one of which might be a point class. A point of X~ and a spread have 
;. blocks in common by the definition of a spread. A point of X~_ and a block class have 
exactly 2 blocks in common by condition (6) where one block might be a point class. 
Two spreads have 2 blocks in common by condition (3). A spread and a block class 
have 2 blocks in common by condition (2). Finally condition (7) yields the result 
for two block classes. | 

5. Applications 

Both Construction D and Construction C may be used to construct symmetric 
designs Frovided there exist designs which contain a Bruck subdesign. The theorem 
which follows asserts that at least one family of such designs exist. A specific example 
is then given to iflustrate the constructions. 

~heorem 6. I f  n and n -  1 are both prime powers, lhen there exists a SB,[n "~, n ~ -  ~ + 1] 
which contains a SB,,[n, ~]. 

Proof: Wilson [7] gives a direct construction lbr a SB,[ti", n '~-n+l ]  using as the 
point set the union of n affine planes of order n having a unique point in common (so 
the number of points is 1 + n ( n ~ - l ) ) .  Beker and Piper [2] use n + l  disjoint affine 
planes of order n -  1 to construct the residual of a design with the same parameters. 
Wflson's construction is quite general since it allows the selection at certain stages of 
any design with a given set of parameters on a given set of "points". If  at several of 
these stages the auxiliary design is required to contain a particular block, then the 
resulting SB,,[n?% n ~ - n + l ]  will contain a SB,,[n,n]. | 

Example of Construction D. Consider b=25, k = 9 ,  and 2=3,  so that v0=ko=3 
and v1=7, k~=3. For the points of the Ba[3, 7] take the integers modulo 7. For the 
blocks take B i , i = { l + i ,  2+i ,  4+i}  with i = 0 , 1 , . . . , 6 ,  and ./=0, 1,2. Thus for 
each i the points of B;,0 and the three blocks B;,0, B~,I, B~,z form a SBa[3, 3]. The 
construction requires 18 spreads and 4 packings. The spreads are: 

5~,j  = {B0,o, Bl, j ,  B~.. i, B3,j, B,I,j Bs, i ,  B~,j}, 

~ , J  = {Bo, o, B~,s, 
~ , J  = {Bo,~, B~,j, 
~ , J  = {Bo,:, B~,j, 
"Y3,j = {Bo, 2,  BI,j, 

B,,.j Bs, j+l,  B4,5+.,, B5,i+2, Ba,j+I}, 
B~,j+I, Bs, j ,  B~,j+I, Bs, j+2, B6,j+2}, 

B2,j+ ,., B:3,j+],/34,1, B~,j+ I , B6,j+u}, 

B,,,j+.,, B3,i+',, B4,j+ I, B.~.j, B6,s'+l}, 

for .]=0, 1, 

5°~,j = {Bo, I, BI, j ,  B2,j+l, Ba, j+z, B4,j+2, Bs,j+l, B6j}, 

and 2 (the second subscript read modulo three). The packings are: 

~ = {~ ,o ,  ~,~,~5~,~, ~,o,  ~,~, ~ , , , ,~ ,o ,  ~,~,  ~,~.}, 
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Example of Construction C. Again consider v=25, k = 9 ,  and 2=3.  The construc- 
tion begins with a symmetric incidence structure C with 18 points and blocks of size 
6. In t~ct the C given is a "reasolvable symmetrical semi-regular G D  design". The 
points of C are (Z-,U {0})X Za. where Z,  denotes the integers modulo s. The blocks 
are B= j =  {(O, j ) ,  (0,./), ( l , j ) ,  (2,.i), (3,j), (4,j)} and B~.j-{(0,j) ,  (O+i, . / ) ,  
( l + i , j + l ) , ( 2 + i , j - k 2 ) , ( 3 + i , j + 2 ) , ( 4 + i , j + l ) }  for i=0 ,1  . . . .  ,4  and j = 0 , 1 , 2 .  
The construction requires finding a tactical decomposition with 3 point and 3 
block classes each of size 6, 4 spreads and 4 blocks of size 9 on the points of C. The 
point classes are {0,0}×Za, {l,4}XZa, and {2,3}XZa. _The block classes are 
{B~,~:(i, j)~_{0, n~'~7ttqA~a,, {B:,i:(i, . i ) c { l , 4 }XZ:~} ,  and {B~.~:(i , j)g_{2,  3}XZ:,}. 
The spreads are: 

.5/~ = {Bi, j " (i, j)'S {0, 1, 3}X2:3}, 

I-, / .~  = {B,,.i: ( i , j )<  {0, 2, 4;XZa~, 

,5~ = {B , , j :  (i,j)<{O, l, 2}XZa}, and 
= {B , . j "  (i,j)C-_ {0, 3, 4}XZa}. 

The new blocks of size 9 on C are: 

At = {0, 1, 3}XZ a, 

Az = {0, 2, 4}XZa, 

aa = {0, 1, 2}XZ a, and 

Aa = {0, 3, 4 } x Z  a. 
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