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If P is a finite projective plane of order n with a proper subplane Q of order m which is
not a Baer subplane, then a theorem of Bruck [Trans. AMS 78(1955), 464—481] asserts that
n=m?+m. If the equality #=m*+m were to occur then P would be of composite order and Q
should be called a Bruck subplane. It can be shown that if a projective plane P contains a Bruck
subplane Q, then in fact P contains a design ¢ which has the parameters of the lines in a three
dimensional projective geomeitry of order m. A well known scheme of Bruck suggests using such
a Q' to construct P. Bruck’s theorem readily extends to symmetric designs [Kantor, Trans. AMS
146 (1969), 1—28], hence the concept of a Bruck subdesign. This paper develops the analoque
of Q" and shows (by example) that the analogous construction scheme can be used to find sym-
metric designs.

1. Introduction and Summary

If P is a finite projective plane of order 1 with a proper subplane Q of order
m, then a theorem of Bruck [3] states that either n=m?* or n=m?*+m. The equa-
lity n=m?® occurs if and only if every point of P is on a line of Q (and dually), and
in this case Q is called a Baer subplane of P. The equality n=m?+m would mean
that the order of P is not a prime power, and naturally Q ought to be called a Bruck
subplane of P. Bruck’s theorem is easily extended to symmetric designs (see Kantor
[6]). Bruck [4] outlines a construction scheme for a projective plane P of order
n=m?+m based on extending the design given by the points and lines of a projective
3-space of order m. If such a plane P were constructed, then each subplane Q of the
3-space would be a Bruck subplane of P. After presenting some basic notation and
terminology in the second section, this paper investigates the general structure of a
symmetric design which contains a Bruck subdesign. It is shown that there must
exist a design analogous to the projective 3-space in Bruck’s construction scheme.
Some other substructures are also listed, then in the following section two construc-
tion schemes based on this information are given. The last section gives some exa-
ples to illustrate how these schemes can be applied.
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2. Basic Notation and Terminology

An incidence structure S is a pair of (finite) sets X and # and an incidence
refation between them. Elements of A are called points and elements of # are called
blocks, .S 1s regular with Jphcutlon number r 1f each point is incident with exactly

;5. 8 is uniform with bleck size k i each block is incident with exactly k points.
owill be identified with its subset of incident }’\01’119 even though two distinct
blocks may thus be the same subset of X, and incidence is then set theoretic inclusiorn.
The cardina!ny of X 18 denoted by ¢ and the cardmalxty of B by b. For a regular,
uniform incidence structure bk =wvr. A substructare S, of S is a pair (4, Z 0) of
subsets of A" and 4. res;,cctnﬂ]) with incidence the restriction of incidence in 5
A tactical decomrosmon of S5 is a partition of X mto dxsjomt classes X, X, ..., &
and a partition ot & into disjoint ci ‘SSLS By B ...y 2, such that every pdl[‘ (X;. 5,
is o regular, uniform subsiructure, with /; points, mj blocks, block size f;, and
rcrhutlun number ;. A regular uniform incidence structure S is symmetric it
b=r. or equivalently k=r.

A design D is a uniform incidence structure with block size & such that each
pair of distinct points are simultanzously incident with exactly / blocks. 1t follows
that D is regular with replication number r and r(k—1)=2A(x—1). D is also called
a (v. k. })-design, is denoted by B,[k, 7], and is said to have parameters (z, k, A).
A symmeiric design is a design whose incidence structure is symmetric, and s denoted
by SB[k, #]. When /=1 it is suppressed {rom either of the notations B,[k, ¢]
or SB[k, 2] A SB[/{ 2| is a projective plane, n=k—1 isits order and v=n*+n+1
A subdesign of a design is a substructure of the incidence structure which is also a
design. A proper subdesign D, with parameters (v,. ko, 4) of a SB;[k, ¢] 1s called a
Baer subdesign ift & —4=(k,—1)* and is called a Bruck subdesign if &k —Ji=ko(ko—1).

For the remainder of this paper all incidence structures are assumed to be
regular and uniform unless otherwise stated.

3. Structure Theory

An analysis of the structure of a symmetric design which contains a Bruck
subdesign must begin with the theorem which inspired the name.

Theorem 1. I D is a SB,[k. v] which contains Dy, a SB,lk,. ], then k=/vy—ky+1
or k=liv,.

Proof. See Kantor [6] for the theorem as stated or Bruck [3] for the special case
A=1, the proofs being essentially the same. An alternate form for the conclusion is
k—r=(ky—1) or k—iz=ky(k,—1). B

Coroltary 2. If D, is a SB,[ky,v,] contained in D a SB[k, ), then each block of D
not in D, contains at most one point of Dy and dually each point of D not in Dy is
incident with at most one block on Dy. Moreover in each case the 'at most’ may be
changed to ‘exactly’ if and only if D, is a Baer subdesign.

Proof. The ‘at most” part of the argument follows directly from the definition of a
subdesign, and the exactly arises in the proof of Theorem 1. j§
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Theorem 3. If D is a SB,k, #) which conteins a Bruck subdesign Dy={(Xy. %),
then D admits a tactical decomposition with point classes Xy, X1, X, and block
classes By, B, Bo. and having parameters as follows:

) Iy, 1, 1y) = (g, my, my) = (9. vo(ko—2)+ 1, 95 (k —ky)).
ke 0 k—k,
(2) Bi)y=mp=]0 0 k

1 ky—1 k—k,
where (f3;;)' denotes the transpose of ().

FProof. Dy is (X,. #,). X, is the set of points not incident with any block of D, and
Ay 18 the set of blocks not incident with any point of Dy,. X, and 2, are the remaining
points and blocks, which are nonempty by Corollary 2. Counting and the equation
k=4v, produce the expressions for the cardinalities of the point and block classes.
To show (2) it suffices to consider either the block sizes or the replication numbers
of the substructures by duzlity, and hence only block sizes are determined. Corollary
2 and the definitions of the parts show that the first row and the first column are
correct. Also the entries in each row must sum to 4, thus only two more numbers
need to be computed. For fi,, one notes that for a fixed block of #, the intersections
with the blocks of %, pariition its points in X, into %, sets of size (A—1) {from the
blocks on the unique point of X, in the iixed block) and v, —k, sets of size o. Hence
oo =(A— Do+ i(vg—ky)=k—F,. Similarly f8,, 18 Ar,=4k. From a result for tactical
decompositions on the matrix product (y;;)(f5;;)* (see Dembowski [5]) 1t follows that

Ll h
By =Gk-—DI+all L, L. 1
i Iy 1

Corellary 4. If D is a SB,lk, v} which contains a Bruck subdesign Dy, then D con-
tains a subdesign D, which in turn contains D,, where Dy is a B,lky,v] with
ry=vylkg—1)+1 and ki=k,.

Proof. The points of D, are X,UX, and the blocks are 8,'J#,. The parameters
are computed from Theorem 3, with the design property for pairs of points inherited
from D since blocks of #, are disjoint from the set of points in D, .

One easily computes that for D, in Corollary 4 there are by=v,(k—k,+1)
blocks and each point is in »; =k blocks. It is an open problem whether there exists
a projective plane P of order n which contains a Bruck subplane Q or order n. If
there exists such a plane P, then P contains D, which is a B{m+1, n?+m*+m+1].
Thus Dy would have the same parameters as a design whose points and blocks are
the points and lines of a projective 3-space of order m. It is an open problem whether
D, would have to be such a 3-space. However, if it were then @ would be a Desar-
guesian plane and, in fact, P would contain many Bruck subplanes. |

Corollary 5. If D is a SB,lk,v] which contains a Bruck subdesign D, then D con-
tains a symmetric incidence substructure C which has ve(k—ky) points and blocks
of size k—ky. Moreover C admits a tactical decomposition which has vy point
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classes each of size k —kqy, v, block classes each of size k—k,, and the B;; and y;;
equal to either 1 or A—1.

Proof. C is the pair (X,, #,) in the notation of Theorem 3. The point classes of the
tactical decomposition are the blocks of %, and the block classes are the points of X
considered as sets of blocks. |

4. Construction Schemes

Common methods for constructing designs include direct constructions which
usually employ some automorphisms of the design to reduce computations (dif-
ferences methods), composition methods which amalgamate many ‘small’ designs
and/or incidence structures to obtain a design on a ‘large’ number of points, and
extension of a design or incidence structure to obtain a design with the desired para-
meters. The two schemes given below are for extension of the design D, of Corollary
4 and for extension of the incidence structure C of Corollary 5. As in all extension
schemes some concept is needed to ‘find’ the missing points and blocks, and their
incidences.

A spread of a design or incidence structure is a collection of blocks such that
each point is in exactly 4 blocks of the spread. In other words a spread is a collection
of blocks such that the substructure given by all points and these blocks is regular.
A packing is a collection of spreads such that each block is in exactly A spreads of
the packing. A spread is incident with each block it contains and with each packing
which contains it. A packing 1s incident with each spread it contains. Spreads are to
be some of the missing points of the desired symmetric design, and hence will be
refered to as ‘new points’. Likewise packing will be refered to as ‘new blocks’. The
first construction is the generalization of Bruck’s construction, and only requires
finding suitable collections of spreads and packings.

Construction D. Given a B,|ky; v,1D, which contains a SB[k, v)Dy such that
r=Avy and ky=k,, D, can be extended to a SB;lk,v]1D with k=2vy if and only if
there exists a collection Y of vylk —ky) spreads and a collection <& of v4(ky—2)+1
packings which satisfy:

(1) Each block is in k—ky spreads and

(2) the number of blocks plus the number of packings two spreads have in com-
mon is A.

Verification. Adjoining the spreads as new points and the packings as new blocks
with incidence as described above gives the design. Since two of the original points
are in exactly A blocks (which are in D), an old and a new point (spread) are in exactly
2 blocks by the definition of a spread, and condition (2) gives the same property for
two new points, the new structure is a design if all blocks have size k. Each old block
has size & by condition (1), namely k, old and k—k, new points, and the definition of
a packing implies that each new block will contain Avy=k new points. The reverse
implication follows from Corollary 4 with Y=X, and «#=4%,;. }

In the next construction the point and block classes of a tactical decomposi-
tion will be used as new blocks and points respectively. Some new blocks need to be
found as subsets of points, and spreads will be used as new points. The new blocks
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are to be dual-spreads, i.e. each block must contain exactly 4 points of such a new
block. The equations which must be satisfied by the parameters of a symmetric inci-
dence structure such as given in Corollary 5 are nontrivial, hence a definition precedes
the statement of Construction C.

Definition. A symmetric incidence structure C=(X,, %,) with hm points and blocks
of size m is called admissible for extension to a symmetric design with a Bruck sub-
design if

. dh(h—1)(m+ -1y . o

(1) ko= 4 1~ Dm 2;11)+1+(2h D IS a positive 1nteger,

(2) any two distinct points are contained in at most A=m—(k,—1)2+1 blocks, and
(3) m=h®*—h.

The Bruck subdesign would be a SB,[k,, v,] where vo=h and k=m+k, would be
the block size of the symmetric design.

The above definition is formulated by equating m to k—k, and An to ve(k —ky)
to match Corollary 5. It may be verified that the resulting parameters satisfy the rela-
tions for a symmetric design and Zh=k. The inequality (3) is equivalent to ky=v,.

Construction C. An admissible symmetrice incidence structure C=(X,, B3) on hm

points with blocks of size m can be extended to a SB[k, v] with a Bruck subdesign

if C admits a tactical decomposition into h point and h block classes each of size n,

there exists a collection Y of h(ky—2)+1 spreads, and a collection o of hik,—2)+1

dual-spreads which satisfy:

(1) Each block is in ky—1 spreads,

(2) each spread contains exactly 1 blocks from each block class,

(3) any two spreads have exactly ) blocks in common,

(&) two points from the same point class are contained in i—1 blocks of A\ U%B,,

(5) two points from different point classes are contained in . blocks of \J%B,,

(6) the values of the y;; are 4 or A—1,

(7) two distinct block clusses have exactly A point classes which simultaneously
yield y;;=24—1.

Verification. First the incidence structure for the design is defined. Second the block
sizes are computed. Finally the design property for pairs of points is checked.

The points of the design are X,, Y, and the block classes of the tactical decom-
position. The blocks are %,, o/, and the point classes of the tactical decomposition.
Both the blocks of &/ and the spreads of Y are only incident with the elements of C
which they contain. The point classes and the block classes are incident with the
points and blocks they contain. Also the i-th point class and the j-th block class are
incident if y;=A—1.

Each block of 4, contains m=k—k, points of X,, is in ky—1 spreads of ¥’
by (1), and is in a unique block class to net a total of k points. Since each block of &/
is a dual-spread it contains Ahm/m=1h points, and 2h=k by the definition of admis-
sible. From condition (6) together with the fact that y;+vys+...+y0=k—kg
it follows that a point class is incident with exactly k, block classes in addition to
its k —k, points. Hence all blocks will have size k.
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For two points of X, conditions (4) and (5) show that they are contained in
exactly / blocks one of which might be a point class. A point of X, and a spread have
A blocks in common by the definition of a spread. A point of X, and a block class have
exactly 4 blocks in common by condition (6) where one block might be a point class.
Two spreads have A blocks in common by condition (3). A spread and a block class
have J blocks in common by condition (2). Finally condition (7) yields the result
for two block classes.

5. Applications

Both Construction D and Construction C may be used to construct symmetric
designs provided there exist designs which contain a Bruck subdesign. The theorem
which follows asserts that at least one family of such designs exist. A specific example
is then given to illustrate the constructions.

Theorem 6. If 11 and n—1 arve both prime powers, then there exists a SB,[12, n® —n+1]
which contains a SB,[n, n).

Proof: Wilson [7] gives a direct construction for a SB,[n? n®*—n+1] using as the
point set the union of » affine planes of order » having a unique point in common (so
the number of points is 1+n(r*—1)). Beker and Piper [2] use 141 disjoint affine
planes of order n—1 to construct the residual of a design with the same parameters.
Wilson’s construction is quite general since it allows the selection at certain stages of
any design with a given set of parameters on a given set of “points”. If at several of
these stages the auvxiliary design is required to contain a particular block, then the
resulting SB,[n* n®*—n+1] will contain a SB,[n, n). §

Example of Construction D. Consider =25, k=9, and 2=3, so that v,=k,=3
and »;=7, k;=3. For the points of the B,[3, 7] take the integers modulo 7. For the
blocks take B; ;={l+17,2+1i,4+i} with i=0,1,...,6, and =0, 1,2. Thus for
each i the points of B; , and the three blocks B; 4, B; ;, B; » form a SBy[3, 3]. The
construction requires 18 spreads and 4 packings. The spreads are:

Soyj = {Bs.0» By j» By jo By j, By Bs s BG,j}s

%,f = {Bo,m Bl,jv B2,j BS,j+1a B4,j+2> Bs,j+2s Bs,j-u},
A = {Bo,1» Bijs Ba ji1s Bajs By jiers Bs jias By, o)
S = {Bo.2> B, j» By, jros By ji1> Bajs B a1 Bg,jv2)s
Sai = ABo,2> B1,js Bo ji2s By jios By ji1s Bs s Bs,j+1}7
Sii = ABo,1> Brjs Bs j1s Bs iy By iy Bs je1s B, i}

for j=0,1, and 2 (the second subscript read modulo three). The packings are:

P = {ym,oayoo,lugﬂw,za%,m S‘i,pgi,z,«%,o’%,b %2},
9’2 = {exc,o,v%o,l,c%o,zagi,o’%,u%,za%,o:%,b%,z}’
Py ={S0,0: To,1> To,2- A,0> F,10 A,20 F5,00 Fa 15 %2}
Py = {%,0»%,1a%,2:%,0-5€1,1=5@,25%,0’5’2,1“%,2}-

o J

2 J
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Example of Construction C. Again consider ©=25, k=9, and A=3. The construc-
tion begins with a symmetric incidence structure C with 18 points and blocks of size
6. In fact the C given is a “reasolvable symmetrical semi-regular GD design™. The
points of C are (Z;U {0}) X Z;. where Z, denotes the integers modulo s. The biocks
are B =0, /) (0, ). (1, /). (2.7), 3uj), (400} and By =40, 1), (O+i.))
(14, j+1), 2+, j+2), (3+i, j+2). (4+i,j+ 1)} for i=0,1,...,4 and j=0,1,2.
The construction reguires finding a tactical decomposition with 3 point and 3
block classes each of size 6, 4 spreads and 4 blocks of size 9 on the points of C. The
point classes are {0, 0}XZ,, {1.4}XZ;, and {2,3}XZ;. The block classes are
(B Gy )EA0, 00X Zohe 4By o NE{L 81X Z,), and (B ;- (i, )E{2, 3)XZa)
The spreads are:
S={B; ;1 (,)E{0, 1,3} X Zy},

S ={B,;: (i, j)E{0, 2, 4} X Z,},
= {B,-’j: (i, /)60, 1,2} ><Z3}, and
S =B ;: (,J)E{0, 3, 4y X Z3}.
The new blocks of size 9 on C are:
Ay = {0.1,3)%Z,,
Ay = {0, 2,4} X Zs,
A, =1{0,1,2}xZ;, and

3

Ay = {0, 3, 4} % Z,.
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